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° WMIWEXK
o XNi& DFT. FFT ATAFHEHTES T ER
o EiE FFT hniE DFT i+ &Ry RIBFNSEI
o SN AR FFT i NTT i+&
° %iﬂ-i“%ﬁﬁ’i?)&ﬂ‘]gﬂifﬂ%ﬂ. M THREREBEAES TR
i A
o WMEWIEFEMTN, BSHMEREKFE RS
o FHRN / EilRBRLEEHK
o REFEIJEMTE
o IMEZWMK L5
o MREBRGBHRFER MM MH—THR. FAHABT2EME
KE. AR, BRESTHMESNA. WliTie.
o FIEETERBHEXMIAL (FMT, FWT, ...), hSHBES FFT
HRSR
o ¥3] FFT S . Mt SIE LT R OKIFEFAFRILA
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sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial 2023-08-01



o ig [n] ={0,1,....,n—1}, LBRTA k€ [n] KETHRBEEE
k=0,1,...,n— 1 Byidi%x.
o EERHEBEX n={0,1,...,n— 1} XEMPHESEATREEH
£88X
o {EM Iverson FSAE: & P 2— 1, it

1 Pis true
[P] = .
0 otherwise

o ZHMNRIMEE X AZTXANREI—. FAlR), EZMARIME
A 0.
o UESIRA n— 1 REWMAMMER n PN E
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ZIAEN

BEMNESL n— 1 XMHSHK

n—1

A(Qj’) Z akzk B Z bkxk
k=0
IMRETHEFENSER, MEiMERFIRNSTNRE?
—1 —1
(A* B)(z) = A(z)B Z alxlz bia!
=0

2n—2

_Y A Y

k=0  it+j=k

ibj

EREHT O(n®) BthRME.
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RY - 2E- BAY

o KANEE =z AIRBEISHIRE « LR E
o REEXTHEIHFEEE O(n) K

(A * B)(z) = A(x)B(x)

o n AME—NES n—- 1 RNSHR

HTEEL n— 1 RPUZTHME » MREFEREEE, mad
ZHMANE n TR ERERSTXRYTFARER R, REaT
O(n) B REFEINE L B FeiE 1T ERITTHE.

*—fhE MAYIE R 24 A Vandermonde {THIRXIERA4EM . FESNESTRIF
R HIIERT.
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RY - 2H - RE- RERIR Y

o FMEVTEREIEE n MIBSREEE 0(n?).

o Lagrange[l] fH{EZAHT O(n?) BEEME n MRETREASHN
RHMEE.

o RETIEEN n MIFHMSEMERE - AE. AE - FEMNTIHRIHM
HitE?
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Discrete Fourier Transform

EEEEM I (Discrete Fourier Transform, DFT) #ES—1E%
n—1XMSTRE) » MRE, BEHEH LR » D n REMRRNRE
RIEXUBILESTR » T RIE

a0, a1, . .., a1 — A1), A(wy), ..., Aw!™h)

n

BHETRMRVFREESER, —HYFHRAREEEN Tk
(Fast Fourier Transform, FFT) ByuERSE %,
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SH B AR
SHH ER 0 A n REBAR
wk = il = cos 2mk + isin@, k € [n]
n n
%ﬁzlzgﬁéiﬁiﬁ"] nES R, SGRIFENEEHEFHE—HEAFE
=1 B
IR BARIERIYA 1. 8k DNRIIRIERA 28 S8R #

Kiak, WREM MERERRI viw) = ol

i£12 (Euler’s formula for nerds)

Euler AR e = cos ¢ + isin ¢t BJ—FMERAT SR B—E X
exp z = limp o0 (1 4+ 2)" AT ELACIRALIRAIARER [2]. P&k, R
= AR HEEEAREEN 3], Euler AXILFEEAN. B2,
XEB{XH Euler ARIEA—FEZEMNIZSFER, EHFIMEKR.
SEMIREN w, = e 7, REEMESAEGEE A IDFT ¥iE SR
BT ASUGER. BX L, DFT/IDFT MifEthERERE, BXA2EK @
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SRIHBMR - =M EERR

I 2.1 ((HE513E)

wik =k vdeN,

EIE 2.2 (#r5138)

{wgn ke[Qn]} { ,';;ke[n]}

HE [ F5IRGE FFT RS HER.

XEAEIERE (EEFIE) [4] 5IAK.
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SHEBMR - =1TEEMER

EIE 2.3 (kF05|18)

1 n—1
i .
Sy w=lnld
k=0

KANGIRAIERE A T FLHTIKRFRK. $7E IDFT MESHA

Z).
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Fast Fourier Transform

ZEEEL 20— 1| APBTHETR A(z) = 105" a4 FBHH
BAEL n— 1 RISTR A(r) = Ao(2?) + 24,(2?), HH

Ao(z) = ”il ager’,  Ai(z) = ”il aggi12"
k=0 k=0
RN z=wh,, ke 2n], PBMREESFELIIE (W3 =uk) B
A(wh,) = Ao(wp) + wh, Ar(w)
BRwW,=-1%

A<w§n) = AO(WfL) + wgnAl(wa)

, ke |n]
A(whthy = Ag(wk) — wh, A1 (wF)

R A(z) BUHEHA 2n B9 DFT B ARMER n B9 Ao(z) F1 Ai(z) B9
DFT. #BIFHEFAIEE] O(nlogn) RIEE.
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DFT HYZERERT

ig
ao 1 1 1
—1
al . 1wy Wy,
a= : , F= (w:{) (ij)eEnxn = : :
an1 1wt Ll

M| DFT MTMER (LERE a0, a1,..., an—1 WBWKE n P n KA
SRR S{E) ARTA

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial 2023-08-01



IDFT

HEBARAIEZES|IEAHE, DFT %/ F RO %ERE A°

1 1 1
_ —(n—1)
1 111 wit Wn,
1 - —1ij _ = n

= TL( n )(i,j)€n><n T n . :

1 wg(nfl) o w;(nfl)(nfl)
F= IDFT B3 BRI RT A
a=Fla

HMRIEITE IDFT |55 FFT JLE—%, REW4itE DFT FME
BRARBEEAIR w, BiA v, HITRELEREREL n BT

X RAEL JA—L/SH) DFT %ER 2 —/ E4ERE .
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o BEAtEER7
o BEX n— 1 RAIZWR A(z) 0 E% m—1 REZWRK B(z) 5L
EZ n+m-2 RWBZWMK (B 0). AE FFT H{E, TEH
ZAh 0 E—PATHREW 2 BT
o Xt A(z) 1 B(z) HRKE.
o M ZIAK REZ < 1EFE.
o ZRMHEIRR (A« B)(z) WAL
o BABERIE"?
o ERIABRMIRFME DFT.
o JHESIIEMITFSIRMEHANTATLLA FFT EiKiB)IMitHE DFT.
o SEZR/UTRIPNE X, ZRESNEEHEMRMIEASZI
o BABREHIE ?
o KFNSIFELH T DFT ZEFERVIFZERE.
o IHEMERBEM, JEZRDFRE—ITR.
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FFT 36J3sL3L - DFT #34y

FERN, MRLE n 25 2 HBAIER. LT C REHAEE
T %389 DFT # IDFT.

#include<bits/stdc++.h>
#include<complex>
using namespace std;
typedef long long 11; typedef complex<double> CP;
const 11 MXN=4E6+5; const double PI=3.141592653589793238461;
CP tmp [MXN] ;
void _DFT(CP A[],11 n,11 typ){
n/=2; if(n==0) return;
for(11l k=0;k<n;k++) tmp[k]=A[2+%k],tmp[n+k]=A[2xk+1];
for(11 k=0;k<2*n;k++) A[k]=tmp[k];
_DFT(A,n,typ); _DFT(A+n,n,typ);
CP w(cos(2*PI/(2%n)),typ*sin(2+PI/(2*n))), wk=1;
for(11l k=0;k<n;k++){
tmp[ k]=A[k]+wk*A[n+k] ;
tmp [n+k] =A[k] -wk*A [n+k] ;
wk*=w;
} for(1l k=0;k<2xn;k++) A[k]=tmpl[k];
} void DFT(CP A[],11 n,11 typ){
_DFT(A,n,typ); if(typ==-1) for(1ll i=0;i<n;i++) A[i]*=1.01/n;
}
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FFT #Y35L - EREAH

// alternatively, use std::__1lg() in GCC
11 log2ceil(1l n){11l cnt=0; for(ll t=1;t<n;t<<=1) cnt++; return cnt;}
CP A[MXN],B[MXN],C[MXN]; 11 outC[MXN];
11*% conv(1ll inA[],11 aN,11 inB[],11 bN){
11 n=1LL<<log2ceil (aN+bN-1) ;
for(1l i=0;i<aN;i++) A[i]l=inA[i];
for(11l i=0;i<bN;i++) B[il=inB[i];
DFT(A,n,1); DFT(B,n,1);
for(1l i=0;i<n;i++) C[il=A[i]*B[i];
DFT(C,n,-1); for(ll i=0;i<n;i++) outC[il=round(C[i] .real());
return outC;

Drawbacks?
o BAKINE
o IGRIEIEA
o HRKMAE
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FFT &%

EHSEEL FFT AMNAEEH LEMRLE, FEETER C++ BE

RRIETHISE.

ME— R 18] 2

23
22
21
20

0,000
0/000
0/000
0,000

XHAEME, RAFBKELEY FFT B F2R0

1/001
2/010
4/100
4/100

RERTHA?
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RIKEHIRRF 7
RUE—4 2°-FFT BTE TH EHRiTiE

3/011
6/110
6/110
6/110

4/100
1/001
1/001
1/001

5/101
3/011
5/101
5/101

6/110
5/101
3/011
3/011
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LU ey ]

HEHESER, 2"-FFT BXLEERT —X nUiFEHR. 2k
&, OHEA 2" MEMEBERSER T X 2" SR BRI SZ.

BATE O(n) HIEHER EFREX—ER.

void spawnrev(1ll n){
rev[0]=0;
for(1l i=1;i<(1<<n);i++)
rev[il=(rev[i>>1]>>1)+((i&1)<<(n-1));
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void DFT(CP A[],11 n,11 typ){ // rev[] should be spawned in advance
for(1l i=0;i<n;i++) if (i<rev[i]) swap(A[i],A[rev[il]); // a one-to-one permutat
for (11 hf=1;hf<n;hf*=2){
CP w(cos(2+PI/(2*n)),typ*sin(2+PI/(2*n))), wk=1;
for(1ll i=0;i<n;i+=hf*2){
CP wk=1;
for (11 k=0;k<hf;k++){
CP x=A[i+k],y=wk*A[i+hf+k];
Ali+k]=x+y; A[i+hf+k]=x-y;
wk=wk*w;

}

I
if (typ==-1) for(1ll i=0;i<n;i++) A[i]*=1.01/n;

HEITSRIE 5 AR B 2R E KR
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NTT R

FFT BOBRE 7 2 MR A S B S R (E1 5.

098244353 = 223 x T x 17+ 1, ErE—I B

BAHEH, RSB p = 098244353 HYEN T, HHE
n<pBS EH n— 1 ROSHXPATHE n ) SEE—HE, KT
ERRY- SE BRI ERES R AR

BABEH, SMFHE nlp— 18 n, K w, =3 EXH w, 4
p BN TEEHISMENN w, ZEHERANER, MTHHTIEES S
223 B FFT {E-H#E p = 998244353 BT NTT ByusEE %,

OEERBREY, MEMITEM HBHEE, REFTE
NTT g9 FFT BySCIf.

const PR=3,M0D=998244353;
11 w=gpow (PR, (MOD-1)/(hf*2)); if (typ==-1) w=inv(w);

CEMRE p METEM Z, PRERAE » MMEMLENSE FESRENTE
NTT FEERZEE, *ﬁl:"f”
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FFET/NTT in a nutshell - /h&5: BE&X 4

e XF DFT
o Discrete Fourier Transform, DFT, BSE{&E BT I
o Fast Fourier Transform, FFT, [fus{& B H 3k
o FFT 2itHE DFT pyRER %

o XF NTT
o Number Theoretic Transform, NTT, #[it 25
¢ FFT EREMEMSTAR Cll hifr. T NTT &K ) iR
1T
o MEIHE DFT / IDFT, NTT #88 FFT, #—MEAER FNTT” Bi
%
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© 3. Applications
e 3.1 EXRNH
° 3.2 £ R
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EARNH

KEHFE THEABATHFBAZMART, HEEREOIBH AR
HTFHFHEARRE 9, ABHIECE TEERASIRIEL,
HiEZH NTT SCHADT.
Bt M EENaHtsmAER.
TR RESZTXHNABEABFHER, FTURESIFHENZM
XBEHEORXBAR.
fizE BEMEEAUERSERHIER. B2 EXT B3 2
mik, 5" 8%k, ¥ TUBRTREELA 5"
FRE BEGWEEFABEEZERE, FFT AIBRE ZHFR
=R DC g o) .
EiEURE M HEEBEN, BEFTERNERE S0 S S it sk
RE, WG R LR R RSB QIR B30
Vandermonde 175X AV RIEITE.
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BEARNHA - 56 FFT

MNENMKEHERNZTIRIER, SRS ERERREERE.
KEARA—F, SUNIEERIRNES (RHgER).

SE—H CDQ RigHISHE FFT. CDQ KFAEFRFER Z T axt
wk, BRI o = Yo li+ i = Mab; BT RFSIRES AT .

LERWAIEIFERBR R A, HATE AR RIEAAEIRFE Y.
ALK C A E R TR B E BB A RN T ERGHAER.

B E SR ET A

T(n) = 2T<g) + O(nlogn) = O(nlog? n)
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G R — M SIIRIERTS. BB RIIET AS TR
RBEY, HONEROFMBET ANASHNTE. SASEES
TRT, MTAKEAR T S5 ST 1 A A

EREREAS SRR AT, BRI AAE
VTFHERAENWER. ATBEARIRE I, R AR
EPARES, RAUULES SMiE, BEHARR ISR EH
B EEEN A TRAE— ST

U Taylor BIFMIASESARR L FHBSAE.
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Ordinary Generating Function

B3 a, @AM EEL (Ordinary Generating Function, OGF) 7E
WHEMEMESHR (RRXBRE) A(w) =3, . ZHEEHE
E’ij‘JTﬁ:J:L_ﬁ?iﬁUIETJH’J%?&sM’E '-f#%ﬂﬁ’] Taylor BRFF ("X Z
FREE) KEH = =1+z+2° +. EEAEmZ—8

EHT3%518 OGF. THrM 0 FFiA.
1,0,0,0...

1,1,1,1,...

1,0,1,0,...

1,-1,1,-1,...

1,2,3,4,...

1,2,4,8,...

PEMA KIS E L TRAAMIRIE, RIVSLEHE.
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OGF HEE X

OGF 1%, BRHEE, RHR, BRRARITASEHANKHNEFHE

B HTFIi 4R OGF, 1L n {EAETIRI T4R.
o £ m MIMmHPIENH n THIFERY.
o BN n EERETHRRIANA a; B9 m NMImEIFT RE.
o AL, EFNMIRAELRT.
o n NMEIRSHBN r MERSENARY, EXFFEE.
°o FL, EEWZ.
o WEY n HIFABETEBRZMITGRY
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Exponential Generating Function

F5 a, BIFEEE KT EL (Exponential Generating Function, EGF)
EXH

00 n
A(z) = Zan%
n=0
& 3.3
SHTIIFFIE EGF, THRM 0 FF44.
e 1,0,0,0,...
e 1,1,1,1,...
e 1,2,4,8,...
e 0,1,0,—-1,0,1,0,—1,...
e 1,0,-1,0,1,0,-1,0,...
e 0,1,—1,2!, =314 ...
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EGF 4 (=] E'\X

MEM EGF HIFEIR

n=0 i=

EGF KRR, HETRRERSHEXRNBEFHE.
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EGF HAEX

z 400 J +oo n n
zaz DITEDY zb()

SH T RIS EGF, L n (EABIIKI THR.
o KE n MIHEFIRIHGELEY.
o KEH n REHEFIRIIGEIL.
o 1 n NMERSHBN r MERSENARY, EXFIER.
o i n MERSHBN r T RIFSENATRY, EXFIET
o i n TEEXISA r MEMERTRY.
° XI5 n TEAHARY.
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e 4. Mathematics behind
@ 41 NTT JRIE
o 42 KIESIHE
° 43 IR LAy DFT
° 4.4 EINEIREEREE
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NTT RIE - &5

AFNENTT By/EIE.

FFT misREEmsn, —RSTMAMRERERE, 286
IRESRA S AREE L. RITBESYITR, & p FSISE 2, F,

REn<p, HABE n MREE—REESL n— 1 X Z, LRIZI
X, XRIET RY-SE-RZBTERERME 1, BTFRRGEHR

Z, EMARRBMIR, FEHERS FFT HEMSEEEME NTT A3t
B RATTHE.

FFT %8 REFHESR

NTT RESREREHICAET. XHWBEIRIEIL DFT TiRF0
SSETHT4E Ol Wiki 223,

MAFRAEHRET 6. BN HE
NTT FrERIEMEIE AR, XA T RS AE. L RABRIE

sunl23zxy (BITACMCLUB)

A Convolution-Oriented FFT Tutorial

2023-08-01




1’ p FIRIE Z,

& p FIR2EE 2, RABPHRZE TEHME. REZSEARHK
Hes, ERENXMER

{(115@2 (mod p) . {al+b15a2+b2 (mod p)

by = by (mod p) a1by = agba  (mod p)

RiE.

&' p FFREBHERFREETSITENEE (E—) Fx. X
—RERHIEH Bézout EIERME RN A.

B p FMREEHNS— MR ERELHEHERE, B

ab=0 (modp) = a=0Vb=0 (mod p)

TR—ARATEL m T AR BN AR B Lt R
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Zy|7) EHI% RiR{E

ZIEEREIIE Z, LRZTARKIERH Zy[a].
5132 4.1 (Z,[2] ERZHARNERE)

1% A(z) € Zpla], R Zpla] PRI—REWK (z— a) 3t A(x) #HITH
FERE, FERNFXAZSTRHSTR A(a).
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Zy|7) EHI% RiR{E

EIE 4.1 (Lagrange EIE)

& p B—1RE, & A(x) € Zy[o]. RFRFTE A(z) =0 (mod p) R
BEZE degA(z) ME p EXTARRER R, KRIEXSTXNREE

% A(z), B(7) € Zylr] REE n— 1 REBNZWRX. HRERFRAE
A(z) = B(z) (mod p) H n M ARMER p EXTHELE WAZHN
—EHEE.

HILEIREAN, #WE Z, LH—1EZ n- 1 XWSTK, A%
BKEE n ME p EXTRIRENT. Eit, EREY - =8 - ZRHAE
I Zp[z] ERIERERITHY.
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B DFT E#E C ERMERAENX

wk .= e'n'i = cos 2mk + isin@, k € [n]
n n
Hw, RREZMEMIR, EACERTHEEEREMTR.
BX AN wy cged(n b) = L hEBREEN, EMH0E n—1
RAWEEERPTARRMR. XtEEiLF Bézout ERREENHA.
BANEX—KEZRRMRFRAKRFERMR. HREER, n KA
FEAR v, TEXWAT
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Ly LEIBY

WAIEX Zr, LHY "RRBLIAR" Ve 7
MRER m BEXTER o =1 FIS/NEBE n h o BB, 24
ordy(a). EAZERBHERLT, HBEiEA ord(a).

o imzEEES "
EIR 4.2 (Fermat /NEIE)

Ep2F#, « BIFEFH, W "' =1 (mod p).

v

EIE 4.3 (Euler EIB)

# ged(a,m) =1, M a?(m =1 (mod m), EHr ¢o(m) BEIEHH
Euler FR%5°.

IHRE p, o(p) =p—1. B Euler FEE Fermat /NEER— M.
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Euler EIZAIER - MULRIRFR

ZE = {a € Zy, : gcd(a,m) = 1} #HRA Z, IEHRIRE. HLE
REIE m FEHH. SUREREPHEITEHEETE n BXTH
M—i¥x, BHAME ZE b W ZHESH god LA S = NIER.

BURIRREAANED o(m). X2 Euler BEHIE H—FE .

% acZf, HE L, PHEESET, BKNE
Vo,y € Ly, z=y (modm) <= ar=ay (mod m)
LURRE =,y € 25 Bt, & ZE LidWmMER, A
ZE = 4zt = {az mod m: z € ZE}

4
a?(m) H T= H ar = H T= H z = a*™ =1 (mod m)

T€ZE T€LE r€all T€LE
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# 7L o" mod m, n € Z, FTEISHILE Z,,, HRITTE.
Y ged(a,m) =1 B, A ged HELMHEEEN, B

ged(a,m) =1 = Jzy, azp=1 (mod m)

= d1y, a"2zg=1 (mod m)
= ged(a”,m) =1

HUERY o mod m RATFTEEENAS Z,, I RIRE 28 T E.
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" HYEUE - —MR1ER°

Y d=ged(a,m) £ 1B, & a=diag, m=dymy, H n>1H,

a”mod m = dya;a™ " mod dymy = dy (ala”_l mod ml)

LRt ged(ar, m) = 1, IRFPEHERKFTFIREIL, BESAREXHEBESE
AR5 o mod my HX. WHE &b =gcd(a,m) HAZETF 1, NS
a1 = daag, my = dymy. FEMRLEW T, REF dir1 = ged(a, my) =1,
a” mod m=d; <a1 dy ( Qg1 dk(aka"*k mod my) .. ) mod m1>
W n> kB, o mod m FEEES A
{didy...dy(a" mod my):t€Zy} C didy... GZE,
BX b, [1L, di 8% ecd(a, m) BIBEETFAE m RIS HITR.
*ExBSGS RFEHNE [5] S S

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial 2023-08-01



FETEMRE, Buler EBRALHUT Z,, EXTEMIH—P LR T
Z, Hijihs
Va e ZE — ord,(a) | p(m)

mxtFALAERR ged(a, m) # 1 WIITE o, A ged HEMHAGHRES
IERAEKIZATRE BT BREN 1. HANREXETRMIM A 0.

R Ly EFBETRREIX BB LR o(m) BTER Zn ERIRIR, H
S g ®T.

EIE 4.4 (FIRTFHEEE)

UESMERTEE S, RIMHIAE BGBHIREFIES% Ol Wiki [6].
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KB FNRAR

o KB, RAZEHE ordm(a) | p(m), REF + REFEIAT O(y/mlogm).

o ER, WINBIXRA LRKMAERNANT. RNER—BASK
x.

o EIRHF KBS ERA RIFRILIRADRE.
TEHHNTEFRRHIAINEE.

I 4.5 (RRAEEE)

Eecdlgm)=1, W g £ 2, LRROEESER, X o(m) 15
AEEBp HEgr #£1 (mod m).

PDEEER. RHE, RIEHFE ¢(m) HIEELEFHERE 9 89
B BIVAT .

EIE 4.6 (FRNEEE)
B Ly LEERER, WERRBTEA o(0(m)).

™ =
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Ly ERIZRIRBLIRIDE

B aR Zy E—E, Y nlody(a), Sw=a i BREN
Wi BRE Lo £ n R EEATIR.

fE AT Bézout IR, W & L, EH) "y RAREMR.
XE Z, EAREAGIREEESE

HBIBER, —BH 2, B, AEBRGRA—EHERFGE!
LUtk — | . XEREK, KANSIRAIERHER T Z5 51K
FIBERR, B—BH 2, BEERHERRT

X RENFATAER “EIR LA RRRE R T ERR" E— R EH— R
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Zm J:EI‘] NTT - 2 /_&EEE"I§5I

RAFHBRIRME NTT ST TERERH v (")

FEMER MRBNEEFREZ—=, ABAEKR m Z2FEH

ARIE n FE Z,, RIEEST, BAEX ged(n,m) =1. BELEX
m BR¥, MEEMETIPER.

b, BTGEEHH o (0f) M ANTT ER 0 R

FE, B onlordy(a). BEER m BERE, 8 Zn ¢%ETEE1$%

EHER Zn =1 RIR 0 89 n RERBEAR wp=9g » =g+ X
BRMEHFES m— 1 RBMRNEE, ERESMAIERE.
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Z., £B) FFT 5&FRINE - 998244353

HifE FFT 3 2™ RAFEMRHWER, RFEFEp=R"+1 8
HERE p, MAIE Z, EZHFHEZEE H 27 09 NTT/FFT RES
THIBIT.

998244353 = 22 x T x 17+ 1, FERE—EE, 7 int Bdpjsa
RIBIRMERSHE Y, 2 OI/XCPC HIE h A Al S5 FHas 2.

ZEMWRKRT Z,y7] L& SfmERNTHE, @il NTT/FFT fniEsER
IEHERIEMRES RIS

PREIAEEE UOJ i vileaking RIS EFMEEEBUEHIEE 1E Ak
¥, RIEETF AR RECIE B R 0.
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Zm J:EI‘J NTT - er'_ﬂﬁﬁl‘] m

2 m R R, NTT SEgAeRTH o' (o)
Hst. (BEHFRE NTT R Eit, REFERA, —# 2, t
0 NTT SROVEIME, B (o) WO

2,])ENXN

BABKEI—BAEXIZEBAIS % 3Lk [7, section 3 and appendix B],
EBEAREREIANERYE KBRTFEE: Z, T2, EELEE
N, AT EPEENERAFEEENAT Z,, LHERK, HEm®
HRHEE IMEE.
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N e

REHFAFTSENTT FEEEFE" HF" EHBAR DFT #
BRE LG AFEE, RNESKXAZTXRMLTELE
C ERY DFT. fF4& p FIREE Z, LRI NTT RENRIREEZE FFT
BI—E—HHFER IFERNIATKEREVERFRE, R
H FFT SRR RIIRAEK.

REHFNBTABEREE BRFNEHSENEEREE X PIMEE
5. BNHREFEEEROAE. ABSERYNHRAMEZER
SWFLEANRTBIRE. HRMITE FFT WERARSR, FERNES
AEHRARNFHRR, HBBIR, BAFEE
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© 1. Forewords
© 2. FFT/NTT in a nutshell

© 3. Applications

6 4. Mathematics behind

° 42 RESHHE

© 5. Advanced Operations
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KESHEHE- &5

APRENHEASEANNSTRN, BHKRH. KBHEZHIHFE
wr). SIMNSTEEX ST HIEH, STAMBI R
FEXEKREE, EABRBSTFRBTALERR. SERKITHER
NN Z A K ERERNERFE.

BRELKHEE (0(8]), WwiEFESE Ol Wiki HZ =&t [9]
Fn Wikipedia B9 BREL [10].

sunl23zxy (BITACMCLUB)

A Convolution-Oriented FFT Tutorial

2023-08-01



Z Iz

% (%) F3 {an} RB—=NMEREERDMEZTHAFT], HRy
73R R k. 3K R LWIZTRIRT Rl2) RETEHR LIRS F IR
MESURAEENZEEXHAMEE +, x WEHR. WIFET, 21
WAFHRL Rl2] RFSIRRA R LS. FIPRITRRRAZIN
MEE. FIEEXRINENFER LT BFIARAZTHKE.

ZWMAIRERE. TENEX S EAKRFKAHRE. REFTAAIR
RIET ST IEMFENREX, MAXBMIEET, R ESTHK
FEAMAR— 1 IRRIESH.
iFiC (. IR, )

.. SEREINAKEN, EPNTREREEETHA
FiEFEREEMSER. ﬁ%%ﬁ.ﬂﬁthTM%ﬂT EATIZERY
A—EXBHFRE, BLEXTMERGEAAENMNEE. TMIAPRIFE
FiRRZBE RITPHAATEARESET. HRZHRBRIE.

AEPINNEL B EFERNMT, BAIR
B—REE TN S TR IREEE LM Ko, WIER LA Rl
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Z Iz

SHEEBEESTR A BH A1) = L), ad MR, HPRE
T e AR—IFS, CAHEN. FENEEMER, FEEAESNX.
ZM A BXE deg A EXAEESIEFTRANAME TR 4
AH, EXESTANREA —co. JEESWR A, B € R[],
deg(A + B) < max{deg A,deg B}. ¥ R 2EIR“E, A, BHEHER
EFE, # deg(A x B) = deg A + deg B.
THEHIFMAZTAE —MHFHIZE. ZT A ST BWE
G AoBEXA
+o00o
Ao B:= Z apB*
k=0
He B" RER t 1S BHFRR. JELhSBEETR A igHR
BHIEET A A(B(z) = Y15 ax B (2) MK, BT ETKMREE
R, EEEEPNEETHERXZMA INEFFEE.

UEERFHZIRAT, WHENE.
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A BRE

EABRBEXSESUARIE—RHNEEAEK {0} RBEARM
T 20, R ERIEXTREENEA R[]

BT RARRZE, BFABRRBHWESGETEETEER B LRI
SginEE. HEEEtkEE, —MAEE AN RBRIEHTRAE.

DFT, NTT 5%&Iiz(3F DFT/FFT IEM S HREREE L C £
RIS IR Cla] (T, NTT/FFT MEMSTRSRER p FIFRIEE
Ly EMIZIRIR Zy[a] HHIT.
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HRERIE

ENRERXEEFHXBAIR. FBLXZERETF, BIFPEETE o b
WE =0 = a=0Vb=0. FMAEEHBEEIR X R SEIRH,
R[z] 2 EIR°. IR EATAE N EREXIEE.

EXFHRBERIREFRA Euclid BIR. H LR ST ER
Euclid #3IK [8, B 7 ZEF 2 EE 3, p. 11]. EEEENE. R Y
Euclid EARTFTEIRZE R[2]'°.

MEFRBEFRIEBRKXRE—STR, WHERBREHREXF
BT R IY R AR IR BRI

P ARIA S TR RAUR I A RIER.
iR Z[o] ER 22+ 1 KB o+ 1
VETIH 1 MSTR.
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ZI R | BRE

NIREERE, ZHE / BABRBRREX T IEMFERFS.
ENBETXEBHNTRY. ENARFT, MRBHS.

ZTR A WK R ERMESTXEE A(e) B AMRE

A:R— R, xHZaka

Hep {0} REERTEER. 3F R ERTFREFIRR #1120,
SEWA | BABRBUARE, XEH 2 € B RREHWAZE,
SHER R FIEEENS ESEENEREXHE
glﬁﬁ@ﬂﬁ"lﬂﬂ%ﬂi%ﬁ')‘(ﬂ]@ﬂ%ﬂﬂiﬁ*ﬂiiﬁ, Bp
A+ B:zw— A(z) + B(z)
A® B:z— A(z)B(x)
REFRGILFREN BiF. AN RYEFEESES TERE C RS

%azxx ¥ R BRI,
2%_2@*&&%}&&']11&%61@ EFIREAR LR BABEMAARG, B

i Z ¥ - S E-Z # A TO R AEE | L0810 . AT L[] k.
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KIE

ZEHMAME IR RYUFEFSBERATEEEITHXRER. THNE
—MREMEIL.

HIN R BHRIN, W R LB SR AE—HE— R EHZ
MRS, HizMatREmEmFEEEE?. B URFTIUES

(A+ B)(z) = A(z) + B(x)
(A B)(x) = A)B(2)

A ATFER ER iR EIRIERAL [8, £ 7 =S 1 HEE 4, p. 712 H

FEMANESHESMAMEFFZEAR, MEMARBHNES (EX

ARBMES) TFAELA L FITHEF, LAt RETESIEE.
SR ST FHHIX— £ R D ST IR BRI

TIESEM AEZTEH  AREHERAR t KASTRK 4, i

H A(R).

X MMR AN TSI EFRARZ (homomorphism).

PHAFBATE E— TS TR HE AR (AERIZIERA R ATIERAER LRORRAS, MTIE
X —FIZEX R

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial 2023-08-01



fh{E

EEEENE, MRSRNESER—ENT, BF R k-5
FRAHF—ES B EEHR——3[. —MEARFEARE E ST
RIR Z,[a] £ (r+ 1P =2+ 1 (mod p). BAHEHEMRIH—1F5
4R R R EIRS.

i A B A R B S TR M T B i S S T
(R%) Mt MMBERERLER—HSRHE REMBNSE
BELRE REMEERENXNAREC AN, KAEHYEE LA
THESHAMEE. RIEH, 0F £ 25F, STMiEdSw{E
B 0 A RRRENSERE—E% n— | RHSTR.

ERRXRE AH AR At S TR RS E—RERMER, B
SRR TSN Bézout 7EIE [8, 8 7 6 HEH 6, p. 35].

FERIA, LRSI OENE, RABEBETETEHA n 8K
BB EEA, HHS SRR RS MANRSEENNE. HT
EERE R BE—4 0t MEERERERES 2 MM ST,
PREEETASREEN—ERNHEL.

YHF-REXYAE—ETNX, TIAERR X EHE BT RBRE
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KESHENKERT

ZiXE, SIMAKKESHENEZERTCENZHAHT. HHX
B3IF R EMES n— 1 RS EME R" dp— 1 8, MED
XEEKERTEMRE R" EN— M EMETR IBA V), HEERTE
&= Vandermonde %6F§. HERIXIKRERNITIE, HINEMEHREFE R"
FHIMHIEE, HBERAET n— 1 AHETRIEERL A R” ERZ
I3 i%.

EZHX R BER SRR, i£E 2] Vandermonde 1T ESHE
AEERTIES, #bkht V A B3L Lk, Vandermonde ZERE3KiF RIS TE
=2 Lagrange fi{E, NMAH THEE R" pEEFFEAETNEZIHRK
SR E?C. X5HIEFFEFREENGEESME T 2 [11,

section: A perspective from linear algebral.

PEREENIER LR HiEEE
*Lagrange fEEMMERAZ THE, BIT7IRAETH HEM TSR EE LR &S E
FER, FitkMER R 2.
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KESHHE - NG

AYHZOERZTAMS IR BYIKHSKZR, AIAE" ¥
" srilaH T SR 2 A REME A fRERIEIEER.

HFSHIAMEMARBHXMERNEBNRR, FEECSLEE
BABMRETEN, EEBRTHATRIHNMEE. XEERNILS
HRERBREBBENFH A RREWHX, A A(r) RTREZWMN A XA
EHNEH, A AW RTRA tRASTR A, AREZFEXSHFS
B An_EiE 9 AiA.
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© 1. Forewords
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R LR DFT - 85

EITIE T AESTREE S K ERENERFRE, {8 DFT/FFT
RIEITREERAMRARENGEE AT EE—SHE ST IRRIR
EKTHBEEES

#l, MBEXEAEERMRMIR LA —MRAE) DFT REBERE FFT.

27T [12, section 2, pp. 983-984] F1 [13].
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I ERIBRAIR - MAPEX

EMI R ER n i XxFZEEAGHR (principal n-th root of unity) w, £
R THERIR R PI—P T E:

n—1
wi=1; Y wF=0, i=12,...,n-1
k=0

HENIE S wi = [n] dn, TREZESGRAEXEIKINGIEA
5.

EMIF R ERY n RAJEEGIIR (primitive n-th root of unity) w, &
HEMT AR R i —PTE:

wh=1; wrF#£1, k=1,2,...,n—1

n

KFERMRAFSEA TS EEZRMREN, EFETEER.
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I ERVERAR - KA SEE

ek 4.1

HIN R ZEIR, WREMAREMRBE—NEZRMR.

UERA
MEBEER icln], ©5=1 0 W
(1-w)S=5—-w,S=1-w'=0, HREEBIRR W, =0/ S5S=0. O

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial 2023-08-01 71/96



I ERVERAR - KA SEE

iRl 4.2

FIN R BI4HME® char R i@ char R{n, NEIREMFEAMRBE
— A RRAR.

B ml = Y7 1 =0 BBNEEE m. REEMEH 0. charC =0,
charZ, = p. ATLGERRBIASE—ER 0 s—/REL [8, &5 7 =5 11 HEHE 3, p. 70].

JERR
R BEE—EEH i€ 1] E8 n REBBMR v, BE—FX
wh=1, MY Sgwk =101k =nl #0, 5XERGERENFE. [
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I LR RAIR - HEMR

S FARIBE X FNEE PRy Bézout EIR, BEIFRATERARINA
BERRAEESIIE: % w, 2WEH 0 REE (FF) SR, Wb
BFEN oty REE (FR) BER

EEE (Wr )P =1 = (Wi +1)(wh, —1)=0, HEIFRLH 20K
FEBMRYARFERMR wo, R Wl = —1.

BER n XEFZRMRGARFRRAGR w, EFEFT 0, =i L
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% wy BIF R ER— n REZBRMR, EXEE " LAY n =
DFT EX AL (BB )

1 1 1
_ 1 wy w1
F= (sz) (ij)enxn — ) :
1 wrt . w%nil)(nfl)
& nl 38 R REEFRESET, W R Ay DFT &, Hikmkst s>
1 1 1
1 w—l wg(nfl)
Foh= (n1) 7 (@i ) (i emsn = (D)7 -
1 w;(n—l) w;(n—l)(n—l)

YERAfEAEERAARKEN (KF05I3E) BPFL
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BIEEERFLER o], = -1, AENHKEEBILRINEH
SZRIRBEES FFT #idfe.

i% R BEBR, w, B3 R FW—A 20 REZHAMR HEEH
GARMIEESIE, of, BRI R b8 sy = n REBBMR. HER
n, iE(Un::(U%W

%,ﬁxq*ﬁ RQTL EPFEJ% a= (a()a A1y .-y a’2nfl)T 1& W2n XT.”‘—‘.ZH(J 2n {ﬁ
DFT 254, SBIEE a= (a0, 01,... 020 1) HF 0= Y% apwll.
BHBFEATA o= Ao(i) + A1 (w5, HHp

n—1 n—1
N L 2 : ik __ § : 21k
Ao(z) = agkw; = anwgﬁl
k=0 k=0

n—1 n—1

N ik 21k

A (i) == E k41w, = E A2kt 1 Wy
=0 =0
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EBE Ao(d) = Ao(n+14), A1(i) = Ar(n+1), #

a; = Ao(d) + A1 (4)wi,,

anyi = Ao(i) + A1 (it el

M Ao(9), i € [n] BIHEBENTEEE ao = (a0, a2, . . ., a2n—2) INF wy
B n = DFT B33 A1(d), i€ [n] ITEETERE
ay = (a1, a3,...,a2n—1) MMF w, B n & DFT B3z

Eitk, € n=2", MAEIR R LHFE 2" XEEZHAMR, WMEF
K FFT BARER AT O(nlogn) MR EEREAPIETE R” EH
n & DFT. W& 2"1,0<k<mE R AMEFEELET, R" Efn &5
IDFT AT b RIETTE.
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° 44 EIREMEEREE
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BIHRERSEREE - 5

E—p, BB THABEESRMRAIIF LR DFT REREE
ik FFT MARIEIR, (B TFHEE TXEZIEIR Rz RIBRS], Sz
KEHEREELEELERSIINA, 3FE DFT MESTAERAYIE
I EEMEE.

ERESHESISENBRETSR VE " ERZERT, ER

F R® ERIIEEE, HRAERNET » WAEENSRELA - £
HIERISEE. AT, RADKIER DFT Tk F i ERHEMER, B
WX —ERET BERAEET n FHEER.
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BIRER

% R BTN, HINE Ao BRRE B" LR EERBRTURE.

% FE R EFEBRMR w, XM n SR DFT Tk, A, BR
R" PR MEERERRE. B F(A+ B)=FA+ FB, # DFT &k
REF R LROMiEIZE. REMNEEREE, KESHEBIIHTESR
WMA#E I (FA® FB) EREEIRRHIE R LT, BB AE
g®7

D
<

Ty
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BIRER

ACi = & ?) = Z Z] Z bkak Z Z a]bkwn]+k
7=0 7=0 k=0
n—1n—1 n—1n—1
ci = Z wy %y = Z w, Z Z a;by wt(]Jrk) Z Z a;by Z wnJJrk )
7=0 k=0 7=0 k=0 t=0

MEREMESKFIERAETERMIRMER (RM538), A

n—1n—1
=Y Y abdnljtk—d=3  ab
Jj=0 k=0 j+k=imod n

XERFBMEFRSR. LUEH R" REE a f1 b WEARERIEH
axb. HEMFE, BHERF, REET »— 1 WERTEES i
BB T LUREH 0 HIsRITLE.
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EIREE
ARITiE B ZIEE®
F(AxB)=FA® FB

XER—MRZHIF E DFT il (18IF) SREE.

BHAHEH, HEXRFMETRASER, SREERIRBERFAEE
R —2M DFT BRETAITEIR.

SHBERFSI DFT Mk, WR|ER. ERIRRISAIL.

K DFT ZERERIITHI. RATEEAR/NATITRESERE.

CEKMEART FAEHER, BIXEERE F AAERBRIT. REEOMIEIE
FILHR%ERIT.

DRGSR, HTHAGER DFT ERMEMTER. £ C" LMIEHATSN [14], *
WA BRIEEARER ERRRA, WL,
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© 5. Advanced Operations

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial



ZHAERK

o B ?
o K. FR. XMH. M. REF. E5F
o WMEHERY 7
o RBTDHILFHRMEE HESERE/LFHRIXEL O(nlogn)
o Newton IERZR#EZSEXMAK L XHEE
o FRUFEA—FHHEATRYER, THALS
o AIERA?
o HIF—KRENHERBBRATEKEY
o BA?
o ZMRFRIBFEHAGESN, BAVAART
o AKiFIE, HFFELHK O Wiki
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B KIS

BE—ZWN A(z), KE#HRE A(r)B(x) =1 (mod z") BT
B(z).
ETABFTHFENRILEFHREEHIET (XIREABRE
b= ), BEENEEENT—EM— XEEFTEEHTRKE
FEREL NR—MtE, RPN A(x) RHMEZ AFH 2n - 1 BER.

Yy

4
A(:IZ) = Ao(x) + :EnAl(.T)
B(:I?) = BQ(LIZ) + anl(:E)

BBt ED AN
A(z)Bo(z) = Ao(2)Bo(2) =1 (mod z")
HIERE EKREE A(x) . SRUZFENRESREN

T(n) = T(g) + O(nlogn) = O(nlogn)
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ZITUKA
MTHIE A(x) 5 A, HESTHARE E82

{ABO =1 (mod z")

= A(B—By)=0 d z"
AB=1 (mod z") ( ) (mod 27)

HF Amod 2" IEFE, &
B—By=0 (mod z")

Xk, SWMRFETERARE " THRTRRREF—E.

RBEHE
B> —2BBy+ B} =0 (mod *")
AMEE A HBEWE

B=2By— AB> (mod 2°")
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Poly inv(const Poly &A){
11 n=A.len(); Poly B(1); B[0]=inv(A[0]);
for (11 hf=1;hf<n;hf<<=1){
B=B*2-B*B*A.subpoly(0,hf*2); B.resize(hf*2);
} B.resize(n);
return B;

o BEHEXMER UEER BOFE.
o EMMEXRTHE DFT BRIRELIREZT, BIvDLIHE.
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ZInz In

BE—ZTRX A(z), RFEHBE Bx) =InA(z) (mod 2") BB

=
B

).
KA +oo MEXBEREN n ZENFESVELGEAEEHIIE
T (XREALREHE bo=lna), BE—BEFEENE— FEEE
# oao =108F, Ina) ATENSEL, MEEM o REER L

BEERRSN. FEANRNKXESE
A
- Aw)

B (z)

(mod 2" 1)

ABRSE

B(z) = / il((;) dz+ C (mod z")

Hth C=Ingy BWRKE. KT RS HEERE O(nlogn).
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Z Iz In - LB

Poly drv(Poly A){ // derivative
for(11l i=0;i<A.len();i++) A[il=(i+1)*A[i+1]_;
A.pop_back(); return A;
}
Poly itg(Poly A,11 c){ // integral
A.push_back(0); for(1ll i=A.len();i>=1;i--) A[i]=A[i-1]*inv(i)_;
A[0]=c; return A;
¥
Poly 1n(const Poly &A){
return itg((drv(A)*inv(A)).subpoly(0,A.len()-1),0/*1log(A[0])*/);
¥
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EHANGED, HSE.

1R
o %A P3803 [#AR] WA FE (FFT)
0 BA P6091 [1EiR] [E4R
o i&#A P4238 [#EiR] LI\ T kit
o i&#A P5205 [#EiR] I FFR
o i&& P4725 [EHR] STWXXWEZE (FW In)
o i&H P4T26 [#EHR] STXNIEHTEE (B exp)
o i&A P5245 [#RtR] ZINIRIER
KEH L
o &4 P1919 [4#5]1 A*B Problem F+Z&kR (FFT {hiE
BEEMTHR)
Hatit#n

@ SPOJ-TSUM Triple Sums
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https://www.luogu.com.cn/problem/P3803
https://www.luogu.com.cn/problem/P6091
https://www.luogu.com.cn/problem/P4238
https://www.luogu.com.cn/problem/P5205
https://www.luogu.com.cn/problem/P4725
https://www.luogu.com.cn/problem/P4726
https://www.luogu.com.cn/problem/P5245
https://www.luogu.com.cn/problem/P1919
https://www.spoj.com/problems/TSUM/

fiz&

4338 FFT

BZ0J3513-MUTC2013 Idiots
TEWEREE OGF jEF, i EGF HFEFE¥E. —i%
7 ERE A Polya 1HERIE.

ABC291G OR Sum
2RI R EEHI N A

BEZE 2023 M1FFE 15 T8
BEREEEHEETXZWMAFR, /& NTT B
.

BEZE 2023 (1FEE—15 T6

R D ijate EERELE CDQ LR

A PAT21 [H#EAR] 4i& FFT

CDQ mFLAIERIEIKT. tHAIBEREHATER
2T S
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https://atcoder.jp/contests/abc291/tasks/abc291_g
https://www.bilibili.com/video/BV1p14y1z7sF
https://www.luogu.com.cn/problem/P4721

FHE
o ABC196F Substring 2
o BA PALT3 FRERHIFHTER
HTREFHBERANFHFRLE. ASIREFFHES
BB IE.
E A

o i&H PAT21 [#&#R] 4 FFT
RIG A B R E AT S BT IE R B .
o BB P4339 IAEHEE
fRR LB B iE T AT RS
o %A P4841 [EIIBAEML 2013] #IKI
EGF JHFRIS B, K56 A AR NG R TH 8 7%
o LOJ6538 BB it#] - MEEAR - ANSEAR
XA B R E45E ARG Polya 141
Polya ex. ZKIffkIE —CyHy B FHAMEITEL
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https://atcoder.jp/contests/abc196/tasks/abc196_f
https://www.luogu.com.cn/problem/P4173
https://www.luogu.com.cn/problem/P4721
https://www.luogu.com.cn/problem/P4389
https://www.luogu.com.cn/problem/P4841
https://loj.ac/p/6538

p
o}

o QO0J5748-UCUP2023-Stage7-K Determinant or..?
BMABELEN (aiorj), Zjenxn 1Tk 1B, xR
ERAERE FMT mEE. kR TIXNEZEELRE. &

RBEEVIBER, BiGH— %ﬁﬁﬁ?ﬁ'—ﬁﬁﬁ%t&
:ﬁEﬁ*%E’J?’*%S’CEﬁ [15], ¥iTig.
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https://qoj.ac/problem/5748
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